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Abstract 

We obtain an estimate for the Holder continuity exponent for weak 
solutions to the following elliptic equation in divergence form: 

div(A(x)Vu) = in Q, 

where Q is a bounded open subset of R 2 and, for every x 6 fl, A(x) is a 
matrix with bounded measurable coefficients. Such an estimate "interpo- 
lates" between the well-known estimate of Piccinini and Spagnolo in the 
isotropic case A(x) = a(x)I, where a is a bounded measurable function, 
and our previous result in the unit determinant case detA(x) = 1. Fur- 
thermore, we show that our estimate is sharp. Indeed, for every r £ [0, 1] 
we construct coefficient matrices A T such that Aq is isotropic and Ai 
has unit determinant, and such that our estimate for A T reduces to an 
equality, for every r G [0,1]. 
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ity 
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1 Introduction and main results 

Let be a bounded open subset of R 2 and let u £ H^ oc (n) be a weak solution 
to the elliptic, divergence-form equation with measurable coefficients: 

(1) div(A(x)Vu) = in SI, 

where A(x), i e fi, is a 2 x 2 matrix satisfying the uniform ellipticity condition 



(2) A|C| 2 < (Z,A(x)0 < A\Z\ 2 , 
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for every x e 0, for all (€l 2 and for some constants < A < A. By classical 
results of De Giorgi [1] and Nash [5] , it is well-known that u is locally Holder 
continuous in U. Namely, there exists a constant a e (0, 1) such that for every 
K <e Vl there exists C(K) > such that: 

(3) K g_~ y < C(JQ V^eK 

The sharp estimate of a in terms of the ellipticity constant L = A/ A was ob- 
tained by Piccinini and Spagnolo [6], who showed that a > L~ 1/>2 . Under 
additional assumptions on A, this estimate may be improved. For example, if A 
is isotropic, namely if A(x) = a(x)I for some measurable function a satisfying 
1 < a < L, it was shown by Piccinini and Spagnolo [6] that 

(4) a > -arctanZT 1/2 . 

TT 

On the other hand, we showed in [7] that if A has unit determinant, namely if 
det A{x) = 1 for all igSl, then 



(5) a> sup / (n,An}\ , 

\s p (x)cnJs p (x) J 

where S p (x) is the circle of radius p centered at x and n is the outward unit 
normal. See Iwaniec and Sbordonc [3] for the relevance of the unit determinant 
case in the context of quasiconformal mappings. Our aim in this note is to 
obtain an estimate for a in the case of general coefficient matrices A satisfying 
the ellipticity condition (2), which "unifies" the estimates (4)-(5). We shall 
obtain a formula which, despite of its complicated form, is indeed attained on 
a family of coefficient matrices A T , r E [0, 1], such that Ao is isotropic and A\ 
has unit determinant. In fact, our main effort in this note is to construct A T . 
More precisely, for every A satisfying (1), let 

, ! ,„ ,s property (3) holds for every ] 

a ^ - SUP \ a G (°< ^ : solution , e HUO) to (1) } " 

We prove the following results. 

Theorem 1 (Estimate). Suppose A satisfies (2). Then, a(A) > /3(A), where 



(6) 13(A) = 



( 1 r (n,An) 

\s p (x)\ Js p (x) v^TJ 



sup 



. S p (x)cn 4 . / inf Sp(x) dct.4 \ V4 
V W arCtan ^ S up s pix) detA) 



As already mentioned, Theorem 1 is sharp, in the following sense. 

Theorem 2 (Sharpness). For every t e [0, 1] and for every x ^ 0, let A T = 
JK T J* , where 



K(x) 



= fld R 2, if argx € [0, 1+ ^_ T ) U [tt, tt + 

~ [diag(M,M 1 " 2r ), otherwise 



l + M- 
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for some M > 1 and 



J(argai) 



cos(arg x) — sin(arg x] 
sin(argx) cos(argx) 



There exists m > 1 such that the equality 

a(A T ) = (3(A T ) 

holds for all M G (l,mj^ r ) ifr>0, and with no restriction on M if t = 0. 



Notation Throughout this note, for all x € M 2 and for all p > 0, B p (x) 
denotes the ball of radius p centered at x and S p (x) — dB p (x). For every curve 
7 we denote by I7I the length of 7. For every measurable function / we denote 
by inf / and sup / the essential lower bound and the essential upper bound of 
/, respectively. 



2 Proof of Theorem 1 

The proof of Theorem 1 relies on an argument of Piccinini and Spagnolo [6], 
together with a weighted Wirtinger inequality obtained in [8]. Let 

B = {a e L°°(R) : a is 27r-periodic and inf a > 0} 

and for every L > 1, let Let C(a, b) > denote the best constant in the following 
weighted Wirtinger type inequality: 

f> 27T f> 2tt 

(7) / aw 2 < C{a,b) / bw' 2 , 
Jo Jo 

where w £ H\ oc (R) is 27r-periodic and satisfies the constraint 

(8) f 

Jo 



f-2-K 

aw = 0, 



and a,b e B. 

Lemma 1 ([8]). Suppose a,b e B. Then, 



(9) C(a,b)< 



f ._ t L \l/4 

4 arctan 



/ inf ab \ 
\ sup ab I 



We note that Lemma 1 reduces to the sharp Wirtinger inequality of Piccinini 
and Spagnolo [6] when a = b. Estimate (9) has been recently extended in [2] to 
the case a, Vab^ 1 e L 1 and < inf(a6) < sup(a6) < +oo. 

In order to proceed, for every fixed x € ft and for every p <G (0,d x ), we 
denote by y = x + pe lt the polar coordinate transformation centered at x. We 
denote 

— f u t 
Vu = | u p ,— 
P 
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and for every i€lwe denote 
(10) J{t) 



cos t — sin t 
sin t cos t 



Then, 

(11) Vu = J((9)Vu. 

Lemma 2. For every matrix A satisfying (2), and for every x <G £1, < p < d x , 
let 

C A (x,p) = c({e it ,A(x + pe it )e it ), dct A ( x + P e ^ 



(e it ,A(x + pe^ytt) 
denote the best constant in (7) -(8) with 

a(t) = (e , A(x + pe lt )e lt ), b(t) - 



(e it ,A(x + pe it )e lt )' 
Then, a(A) > f3 (A), where 

MA)=( sup CAix^fA . 

yxef2,0<p<(i x J 

Proof. We show that for every u e Hl oc (Q) solution to (1) there holds: 
(12) sup p-W»( A ) f (Vu,AVu) < +oo, 

0< / 9<d x JB p (x) 

for every x e f2. Once estimate (12) is established, the statement follows by the 
well-known regularity results of Morrey [4]. In order to derive (12), we exploit 
some ideas in [6]. For every x £ f2 and for every < p < d x , we set 



9x{p) = / (Vu,AVu). 

JB p (x) 

We denote by P = (pij) the matrix defined by 

P(x + pe lt ) = J*(t)A(x + pe lt )J{t). 

Note that p n (x + pe u ) = (e lt ,A(x + pe^e 11 ) and detP = dot A. By the 
divergence theorem and (1), we have 

9x(p)= (u- p)(n,AWu) = (u - p)(e 1 ,PVu), 

JS p (x) JS p (x) 

where n is the outward normal to S p (x), e x — (1,0) and p is any constant. In 
view of Holder's inequality, we may write 

1/2 / \ 1/2 

■ (e!,PV U ) 2 \ 



9x(p)<[f Pll (u-p) 2 ) [f 

\Js p (x) I \Js p (x) Pll 
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By inequality (7) with a(t) = p\\(x + pe lt ), b(t) = det A/pu(x + pe lt ) and 

1 f 27r 

w(t) = u(x + pe lt ) - p, p = — / pn(x + pe lt )u(x + pe lt )d9, 

27r Jo 

/ pu(u- pf < C A (x,p) / 

JS„(x) Js p (x) Pll 



we derive 



det A 9 



Therefore, 



. 1/2 / x 1/2 

det A 2 \ f (e^PVu) 2 ] 



9x (p)<cT^P)[i —ui) If 

\JsJx) Pll I \JSJx 



S p (x) Pll ) \Js p (x) Pll ) 

At this point, we observe that any 2x2 symmetric matrix B = (bij) such that 
6n 7^ satisfies the following identity: 

(13) <^0 = ^^ + ^ e2 ) 2 , 

Oil on 

for any £ G R 2 . Recalling that ue/p = (Vu)22 5 hi view of the elementary 
inequality \fab < (a + 6)/2 and of identity (13) with B — P(x + pe l6 ) and 
£ = Vm, we obtain: 



9x(p) <pC A /2 {x,p) 



\ 1/2 / x 1/2 

det A fu t \\ I f (ei,PVu) 2 \ 



S p (x) Pll VP/ / \Js p (x) Pll J 



\Js p (x) Pll J \Js p (x) Pll 

'det A s2 (ei,PVu) 2 



2 ./S p (x) V PH 

=? p) / (Vu, PV«) = PC % ( "' P) / <Vu, AV«>. 

2 is„(i) 1 Js p (x) 



IS p (x) \ Pll Pll 

pC A /2 {x,p) 

o(x) 2 JS p (x) 

Recalling the definition of g x , we derive from the above inequality that: 



9x(p)<^C 1 A /2 (x,p)g' x (p), 
for almost every < p < d x . In particular, for every p g (0, d x ) we have: 
9x{p) < 7. SU P C A /2 (x,p)g' x (p) = w^Ta\9' x (p) in(0,d x ). 

The above implies that the function p- 2 P°( A ) g x {p) in non-decreasing, and there- 
fore bounded, in (0,d x ). □ 

Proof of Theorem 1. In view of Lemma l-(i) with 

a(t) =pn(x + pe u ), b(t) = ^^-{x + pe lt ), 

Pn 
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we have 



Ca(x,p) < 



j_ 

2tt 



Jo 



2tt 



Vdot A 



(x + pe u )dt 



arctan 



inf t 



dct A(x+pe 



3) 



1/4 



/ 



\ su Pte(o,2^) det A(x+pe r 

Now the asserted estimate follows by Lemma 2. The sharpness will follow by 
Proposition 1 in the next section. □ 



3 Proof of Theorem 2 

We define 



p=- arctan M" (1 ~ r)/2 , 



7T ' 1 + M-T 

We prove 

Proposition 1. For every r e [0, 1], let A T be the coefficient matrix defined in 
Theorem 2. There exists m > 1 such that there holds 

f3(A T ) = !± = -(l + M-^arctanM^ 1 -^/ 2 

C 7T 

for all M e (l,mj r ) ifr>0, and wif/i no restriction on M ifr = 0. Further- 
more, let u T e F[ 1 (B) be defined in polar coordinates by 

u T ( P ,e) = P ^ c w r (6), 

where 

' sia[fj,(c- 1 e - tt/4)], if e [0, ctt/2) 

^M-( 1 - T )/ 2 cos[ A i(c- 1 M T (6»-c7r/2)-7r/4)], if 6> e [ctt/2, tt) 

and w t (tt + 0) = — w T (0) for all 9 £ [0, 7r). Then, u T is a weak solution to the 
elliptic equation (1) wif/i A = A T , and its Holder exponent is p/c. In particular, 
a{A T )=(3{A T ). 

In order to prove Proposition 1, we begin by proving some lemmas. 
Lemma 3. For every x ^ let 9 — argx and let 

A{x) = A{9) = J (9) K (9) J* (9), 

where 

'hie) o 

k 2 {9) / 

for some positive and bounded, 2tt -periodic functions ki,k 2 - Then, in polar 
coordinates, equation (1) takes the form: 



W T {9) = 



K{9) 



|(pfci«p) p +(^««) e = in(0,+^)xM 
\u 2ir~ periodic in 9 

If u ^ is of the separation of variables form u(p,9) = R(p)Q(6), then u 
satisfies (14) if and only if R(p) = p 1 for some constant 7 > and is a 
2ir-periodic weak solution to the equation: 

(15) -(k 2 Q')' = 7 2 fci9 inR. 
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Proof. By definition, u satisfies 

/ (Vu, AVv) = Vw g C C °°(M 2 ). 
In polar coordinates centered at 0, recalling that V« = (u p , ug/p) , we have: 
= / (\7u,A\7v)= [ (Vu,K(6jVv)pdpd6 

JB >/(0,+oo) X (0,2tt) 

k 2 



pkiUpV p H ugvg I dpdQ, 

(0,+oo)x(0,27r) V P J 

for every v <G C£°(B). Integration by parts yields (14). Now suppose that 
u(p,6) = R(p)Q(6). In view of Nikodym's theorem, R and <d are absolutely 
continuous on (0, +oo) and R, respectively. Choosing t> of the form v(p, 6) = 
ip(p)ip(9) with <p g C^°(0, +oo) and V G C£°(0, 27r), we derive from the above 
that 

/ pR'cp'dp heipd6+ -pdp k 2 &ip'd6 = 0. 
Jo Jo Jo P Jo 

Since <p, ip are arbitrary, we conclude that 



j +oo (pR'Ypdp C{k 2 Q>)>i>d6 



£°°Rp-^dp j^hQ^de 

for some constant t g R. It follows that 

r+oo r+co r> 

/ (pR')'tpdp = T -<pdp V<^g C c °°(0,+oo) 
Jo Jo P 

and 

/ (fc J e , )Vdfl = -T/ /ciGV'de g C c °°(0,27r), 

Jo Jo 

and therefore (15) is established. By regularity, i? is smooth in (0, +oo), it 

satisfies {pR')' = rRp^ 1 in (0, +oo) and is bounded at the origin. Therefore, 

R(p) = p'< with 7 2 = t > 0. □ 

Lemma 4. Suppose A satisfies the assumptions of Lemma 3. Then, for all 
x g R 2 , p > and t g R smc/i t/iai x + pe 4 * 7^ 7 we /icwe 

(16) 

= /W cos2 ( , (t) _ t) + M sin2 ( , (t) _ t) , 

v / deTI(^Tpi 7 *) \ k 2 (6(t)) vw ; ]j h{0(t)) KyJ 
where 

9(t) = arg{x + pe u ). 
Proof. Using the fact that J*(9)e It = e t{t -^ for all t, 9 g R, we have: 

(e 4 *,A(x + p e ")e 4 *) -(J*(0(t))e lt ,if(0(t))J*(0(t))e rt ) 

=h(6(t)) cos 2 (t - + fc 2 (0(*)) sin 2 (t - 0(t)). 
Now (16) follows easily. □ 
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We shall need the following property from Euclidean geometry. As we have 
not found a proof in the literature, we include one here. 

Lemma 5. Let C be a (two-sided) cone with vertex at the origin and let i£l 2 
be such that \x\ < 1. Then 

(17) \CnS 1 (x)\ = \CnS 1 (o)\. 

Proof. We denote by A, B, C, D the intersection points of C with S\(x) taken in, 
say, counterclockwise order. We have to show that ZAxB + ZCxD = ZAOB + 
ZCOD = 2ZAOB. We set a = ZAxB, (3 = ZCxD, e = ZxAC = ZxCA, 
5 = ZxBD = ZxDB, n = ZABx = ZBAx, 6 = ZxCD = ZxDC, ip = 
ZAOB = ZCOD. Then, summing the angles of the triangles AxB, CxD, 
AOB, COD, respectively, we obtain: 

a + 2?7 = 7r, r] + 5 + rj — e + if = ir 

f3 + 28 = ir, 6 + e + e-5 + ip = TT. 

Summation of these equations yields a+(3 = 27r — 2(77+6*) and 2(77+6*) = 27r — 2cp, 
from which we derive the desired equality a + [3 = 2ip. □ 

For every i£R 2 and for every p > we define 

= 1 f (n,A T n) = 1_ f 27r {e tt ,A T {x + pe tt )e tt ) 
nXlP > \S p (x)\ J Sp(x) VdiO; 2ir] a ^dctA T (x + pe^) ' 

where A T is the matrix defined in Theorem 2. We note that 

(18) f(x,p) = f(j,l 
We prove the following. 

Lemma 6. There exists m > 1 such that for all x e R 2 and for all p > there 
holds 

/(s,p)</(0,l) = c= 1 + 2 M _ T , 

for all M G (1, m^ T ) if t > 0, and with no restriction on M if t = 0. 
Proof. Throughout this proof, we let 

m := M T 



and 
Then 



C:={.xeM 2 \{0}: argx G [|c, tt) U [tt + |c, 2tt)} . 
K T (x) = 



diag(M,M 1 ~ 2T ), if x e C 
I Id R 2 , otherwise 

In view of Lemma 4, it follows that 

(e it ,A T (x + pe it )e it ) _ 
^dct A T (x + pe u ) 

jm cos 2 (0(t) -t) + mr 1 sin 2 (9(t) - t) , if x + pe 4 * e C 
I 1, otherwise 
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and in view of (18), we may assume p = 1. 
Case (i): \x\ < 1. We estimate: 



27r/(a;,l) =2tt - \C n 

+ / { to cos 2 (6»(i) - t) + — sin 2 (0(i) - t) \ dt 
Jcnsux) I m J 



/cnSi(x) 

2tt - \C i i 5i(a;)| + / ( ( m -M cos 2 (0(i) / , • -J- [> <!/ 





<2tt - |C n 5i(a;)| + m|C n Si(a:)| = 2tt + (to - 1)|C n Si(x)|. 

From Lemma 5 we derive \C fl <Si(x)| = |C n Si(0)| and therefore we obtain the 
estimate 

2tt/(x,1) < 27r+(m- l)|CnSi(0)|. 
On the other hand, when a; = we have 0(t) — t = 0, and consequently 

(e it ,^ T (e i *)e it ) _ I'm, if e 4 * G C 
^det A T (e it ) 1 1 otherwise 

It follows that 2tt/(0, 1) = 2tt + (m - 1)|C n 5i(0)|, and recalling the definition 
of C and c, we obtain /(0, 1) = c = 2/(1 + to -1 ). Hence, the desired estimate 
f{x, 1) < /(0, 1) follows in the case |x| < 1 with no restriction on M. 

Case (ii): \x\ > 1. We set h(t) = cos 2 (9(t) — t). By elementary geometrical 
arguments, for every < k < 1 we have 

(19) \{h(t) < k}\ = 4arcsin\/fc. 

Since mh(t) + to _1 (1 — h(t j) > 1 if and only if h(t) > (to + we estimate 



2tt/(x, 1) < 



h(t) < ' 



TO+ 1 

By virtue of (19), we derive 



/ {mh{t) + hl-h{t))}dt. 



(20) 27rf(x,l) < 4arcsinW— !— -+ / \mh{t) + — (l-ft(t))) dt. 

VTO+1 J {h{t)>{m+l)-^} L 771 ' 

Similarly, let e > and note that 1 + e(m — 1)/to < to. We have that mh(t) + 
m _1 (l - ft(i)) > 1 + e(m - 1)/to if and only if ft > (1 +e)/(m + 1). Therefore, 
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wc estimate in turn 



/ \mh(t) + -(l-h(t))\ 

J {/i(*)>("»+l) _1 } L m > 



dt 



'{h(t)>(m+l) 

to - 1 
< 1 + e- 



= 4 l+£- 



m 

m — 1 



1 , 1 + £ 



m + 1 



to + 1 



+ TO 27T 



1+g 
TO + 1 



TO. 



1 + e 

arcsin ^ / arcsin 

TO+ 1 



1 



TO + 1 



+ to 27r — 4 arcsin 



1 + e 

TO + 1 



TO — 1 

27rm — 4(1 + e | arcsin 

TO 



1 



— 4(m — 1) ( 1 — — ) arcsin 

V TO/ 



TO + 1 

1 + e 



TO + 1 



Hence, 



TO — 1 

/(^i 1) < 27rm — 4e arcsin 

to V m 



J— -4(m-l) fl--) 

l+l ^ ' \ TO/ 



1 + e 

TO + 1 



and it suffices to check that there exist e > and to > 1 such that 

-7- [ 27TTO — 4e-^ — - arcsin \ — —. - — Aim — 1) (l — —\ arcsin 
2?r I to V to + 1 ' \ mJ 



1+e 

TO + 1 



< 



1+TO- 1 ' 

for all 1 < to < too . Upon factorization, the above is equivalent to: 



(21) 

m(m — 1) 
to+ 1 



< (m- 1) 



2e 

7TTO 



arcsin \ 1 J — 

V TO + 1 V TO/ 7T 



arcsin 



1 + e 

TO + 1 



Therefore, if r = 0, we have to = 1 and (21) holds with no restriction on M. If 
r > we have to — 1 > and (21) is verified if and only if 



to 2 ./1 + e 2e ./1 + e 
(22) < — arcsin \ arcsin \ arcsin 

TO + 1 7T VTO + 1 7TTO V V TO + 1 

Let (5 = to — 1 > and consider the function Q defined by 

CM) = 



1 



TO + 1 



arcsin 



1 + e e_ I 

2+5 1 + 6 y 8 



1+e . / 1 

, arcsin \l - arcsin W 

+ d \ \l 2 + 5 \l 2 + 5 



1 + 5 

2 + 5' 



Then (22) is equivalent to £(e, 5) > 0. We note that C(0, 0) = ^ arcsin 
0. By Taylor's expansion, there exists eo > such that the strict inequality 
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C(eo,0) > is satisfied. Hence, by continuity, there exists So > such that 
((eo,S) > for all S e (0, So). Setting m = 1 + <5o, we conclude that (22) is 
satisfied for e = So and for all S € (0, So). It follows that the statement of the 

l/r 

lemma holds with M = m ' . □ 
Proof of Proposition 1. In view of Lemma 6 we have 

/ s -1 

f{x,p) \ 



I3(A T ) = sup 



en,o< P <d x 47T- 1 arctanM-f 1 -^)/ 2 ^ 
= 1(1 + M- T ) arctanM-< 1 - r )/ 2 . 

On the other hand, by direct check we see that w T is a 27r-periodic weak solution 
to the equation 

— (k T 2w' T )' = —k T iw T in M, 

c 

where fc T) i, £; T ,2 are the diagonal entries of K T . It follows by Lemma 3 that 
u T satisfies (1) with A = A T . Since w T is absolutely continuous, u T is Holder 
continuous with exponent @(A T ). □ 

Proof of Theorem 2. The proof is a direct consequence of Proposition 1. □ 
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